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We study the model of a noninteracting spinless electron gas confined to the two-dimensional localized sur-
face of a cone in the presence of external magnetic fields. The localized region is characterized by an annular
radial potential. We write the Schro¨dinger equation and use the thin-layer quantization procedure to calculate
the wavefunctions and the energy spectrum. In such a procedure, it arises a geometry induced potential, which
depends on both the mean and the Gaussian curvatures. Nevertheless, since we consider a ring with a meso-
scopic size, the effects of the Gaussian curvature on the energy spectrum are negligible. The magnetization
and the persistent current are analyzed. In the former, we observed the Aharonov-Bohm (AB) and de Haas-van
Alphen (dHvA) types oscillations. In the latter, it is observed only the AB type oscillations. In both cases, the
curvature increases the amplitude of the oscillations.
PACS numbers: 73.63.Kv,73.23.-b,73.63.-b,74.78.Na
I. INTRODUCTION
Quantum Rings are systems of great interest in condensed
matter physics. This is due to the numerous physical phenom-
ena that are observed in these structures. For example, we can
analyze the dependence of resistance, which constitutes a case
of transport property, with the external magnetic field [1–4],
where the oscillations observed in the experiments correspond
to the analog of the AB effect [5]. Studies concerning opti-
cal properties are also analyzed in these optical mesoscopic
structures. For example, in the Ref. [6], authors study pho-
toionization cross section in a two-dimensional quantum ring.
The optical properties of an exciton in a two-dimensional ring
threaded by a magnetic flux are study in the Ref. [7]. An-
other field of physics widely studied in mesoscopic rings cor-
responds to the thermodynamic properties such as the persis-
tent current and magnetization.
Both the persistent current and magnetization are results of
the application of external magnetic fields. The simple model
1D ring threaded by a magnetic flux explains the origin of the
persistent currents [8, 9]. In this case, the boundary condition
is modified by the gauge, which cause the periodicity of the
energy levels and other physical quantities. For example, the
persistent current which, according to the Byers-Yang relation
[8], it is given by the magnetic flux derivative of free energy
of the ring and, so is an equilibrium property of the ring. For
the 1D ring model, the magnetization is proportional to the
persistent current. As observed by Tan and Inkson [10], this
proportionality between persistent current and magnetization
remains even for a 2D ring model, as long as the study interval
is weak magnetic fields. The AB and dHvA oscillations are
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observed when the magnetic field varies. In the ideal case of
zero temperature, the amplitude of these oscillations is maxi-
mal. Nevertheless, non-zero temperatures decrease the signal
of persistent current and magnetization. This result from the
sensitivity of the mesoscopic systems to the increasing of the
temperature [11–13].
Modern experimental techniques allow to make of non-
planar objects of reduced dimensions [14–16].This motivated
the study of physical phenomena in mesoscopic systems that
present curvature [17, 18]. The method employed to address
such a system follows the well-known thin-layer quantiza-
tion procedure employed by da Costa [19], and widely used
in the literature [20–34]. An interesting result that emerges
from the thin-layer quantization procedure is that a particle on
a curved surface experiences a potential of purely geometric
origin which depends on the mean and Gaussian curvatures.
Thus, even in the absence of interactions of any nature, the
particles cannot move around freely on the surface.
The study of defects in solids is also an important research
area in physics. A widely used approach is based on the
Riemann-Cartan, which involves nontrivial metric and torsion
[35]. A linear defect, for instance disclination or dislocation,
changes the topology of a medium [36]. By using Volterra
process [37], the disclination is obtained by either removing
or inserting a wedge of material. This procedure makes the
space present positive or negative curvature. In the case of
dislocations, the defect is associated with the appearance of
torsion.
In this paper, we are interested in studying the physical im-
plications caused by curvature effects on the motion of a non-
interacting spinless electron gas bound to a two-dimensional
localized region in the presence of external magnetic fields.
We use the model proposed by Tan-Inkson to constrain the
motion of the electrons to this two-dimensional localized re-
gion [38]. By employing the thin-layer quantization proce-
dure, we obtain the Schro¨dinger equation [26], and solved it
to find the energies and wave functions of the electrons on the
2two-dimensional localized curved surface. We rigorously an-
alyze the impacts of curvature on the energies. We also study
the zero temperature Fermi energy, determine the expressions
for magnetization and persistent current and investigate the
main physical consequences caused by curvature effects and
compare them with results in the literature.
II. DESCRIPTION OF THE MODEL
We are interested here in studying the motion of a spinless
charged particle constrained to move on a curved surface in
the presence of magnetic fields. We employ the procedure
of [26] for studying the quantum mechanics of a constrained
particle, which is based on da Costa’s thin-layer quantiza-
tion procedure [19]. In [26], by making a proper choice of
the gauge, it was shown that the dynamics is exactly sepa-
rable in two components: a surface and a transverse dynam-
ics. In the transverse motion, the dynamics is described by a
one-dimensional Schro¨dinger equation with a transverse po-
tential, whereas the motion on the surface is described by a
two-dimensional Schro¨dinger equation in which appears a ge-
ometric potential, given in terms of the mean and the Gaus-
sian curvatures. The geometric potential stems from the two-
dimensional confinement on the surface. In our study, we are
interested only in the motion on the surface.
Let us consider, therefore, a non-interacting 2DEG con-
strained to move on a curved surface in the presence of both a
magnetic field and a radial potential [38] given by
V (r) =
a1
r2
+ a2r
2 − V0, (1)
with V0 = 2
√
a1a2. This radial potential has a minimum
at r0 = (a1/a2)
1/4
. For r → r0, we obtain the parabolic
potential model,
Vpar(r) ≈ µω
2
0
2
(r − r0)2, (2)
where ω0 =
√
8a2/µ characterizes the strength of the trans-
verse confinement. The potential (1) describes a 2D quantum
ring, nevertheless, it can describe others physical systems. For
example, if a1 = 0, we have a quantum dot and if a2 = 0, we
have a quantum anti-dot. Both the radius and the width of the
ring can be adjusted independently by suitable choices of a1
and a2.
In this work, the curved surface is defined by the following
line element in polar coordinates [39, 40]
ds2 = dr2 + α2r2dθ2, (3)
with r ≥ 0 and 0 ≤ θ < 2pi. For 0 < α < 1 (deficit angle),
the metric above describes an actual conical surface, while for
α > 1 (proficit angle), it represents a saddle-like surface. In
what follows we focus our analysis in a conical surface, in
which 0 < α ≤ 1 (α = 1 leads to a flat surface). In this case,
the Gaussian and the mean curvatures are given, respectively,
by [41]
K =
(
1− α
α
)
δ(r)
r
, H =
√
1− α2
2αr
. (4)
The corresponding geometric potential is written as
Vg(r) = − ~
2
2µ
[
(1 − α2)
4α2r2
−
(
1− α
α
)
δ(r)
r
]
, (5)
with µ is the electron effective mass. For the field config-
uration, we consider a superposition of two magnetic fields,
B = B1 + B2, with B1 = Bzˆ being a uniform magnetic
field and B2 = (l~/eαr)δ(r)zˆ being a magnetic flux tube,
with l = Φ/Φ0 being the AB flux parameter, e is the electric
charge, and Φ0 = h/e is the magnetic flux quantum. The field
B is obtained from the vector potentialA = A1+A2, where
A1 = (Br/2α)ϕˆ andA2 = (l~/eαr)ϕˆ.
Since we are only interested in the dynamics on the surface,
we ignore the transverse one. Thus, the relevant equation is
HχS (r, ϕ) = EχS (r, ϕ) , (6)
where
H = − ~
2
2µ
[
1
r
∂
∂r
(
r
∂
∂r
)
+
1
α2r2
(
∂
∂ϕ
− il
)2]
− ~
2
2µ
[
ieB
~α2
(
∂
∂ϕ
− il
)
+
e2B2r2
4~2α2
]
− ~
2
2µ
[
(1− α2)
4α2r2
−
(
1− α
α
)
δ(r)
r
]
+
a1
r2
+ a2r
2 − V0. (7)
By considering solutions of the form
χS(r, ϕ) = e
imϕfm (r) m = 0,±1,±2, . . . (8)
equation (7) results in the following radial equation for a spe-
cific quantum numberm:
− ~
2
2µ
1
r
d
dr
(
r
d
dr
)
fm(r) + Vefffm(r) = Emfm(r), (9)
where
Veff =
~
2
2µ
(
L2
r2
+
r2
4λ4
− κ2
)
+
~
2
2µ
(
1− α
α
)
δ(r)
r
(10)
is the effective induced potential. We define the effective an-
gular momentum, the effective cyclotron frequency, the effec-
tive magnetic length and a constant parameter, respectively,
as
L =
√(
m− l
α
)2
+
2µa1
~2
− 1− α
2
4α2
, (11)
ω =
√(ωc
α
)2
+ ω2
0
, (12)
λ =
√
~
ωµ
, (13)
3κ2 =
(m− l)µωc
~α2
+
2µV0
~2
. (14)
In Eq. (12), ωc = eB/µ is the cyclotron frequency and ω0
was defined above. It is important to emphasize that the pres-
ence of the δ function in Eq. (9), which is a short-range po-
tential, suggests that singular solutions should be taken into
account in this approach. According to von Newman’s the-
ory of self-adjoint extensions [42], the necessity of inclusion
of the irregular solutions of Eq. (9) steams from the fact that
H (Eq. 7) is not self-adjoint for |L| < 1 [43, 44]. However,
for mesoscopic effective angular moment (11) is much larger
than 1, so that there is no value of L belonging to the range re-
quired above. Due to that, we can ignore the δ function in the
radial equation (10) and we consider only the regular solution
at r = 0.
In this manner, the energy eigenvalues and wavefunctions
of Eq. (6) are given by
En,m =
(
n+
1
2
+
L
2
)
~ω − (m− l) ~ωc
2α2
− V0 (15)
and
χn,m(r, ϕ) =
1
λ
√
Γ(L+ n+ 1)
2Ln! Γ(L+ 1)2
e−
r
2
4λ2 eimϕ
( r
λ
)L
× 1F1
(
−n, 1 + L, r
2
2λ2
)
. (16)
In addition, the effective radius rn,m of the states with quan-
tum numberm is given by
rn,m = (2L)
1
2 λ, (17)
where L and λ are given by (11) and (13), respectively.
III. ELECTRONIC STATES
In this section, we analyze the energy spectrum (15). In the
numerical analysis, we consider a 2D ring defined by Eq. (1),
with a1 = 1.8154× 109 meV nm2 and a2 = 5.4654× 10−4
meV nm−2, which describe a mesoscopic ring of average ra-
dius r0 = 1350 nm. The sample is made of GaAs, so that
the electron effective mass is µ = 0.067µe, where µe is the
electron mass.
In the Fig. (1), we have plotted the radial potential defined
by Eq. (1). In addition, the parabolic potential (Eq. (2)) is
plotted, where the strength of the transverse confinement is
given by ~ω0 = 2.23 meV. As we can see, the parabolic and
radial models do not have a significant difference in the energy
interval considered.
Using the Eq. (15), we can show that all subband minimum
lie at the samem0 value given by
m0 =
eBr20
2~
√
1− 1
a1
~2
2µ
1− α2
4α2
. (18)
Therefore, when the magnetic field is null, the subband min-
ima ism = 0. The variation of the magnetic field changes the
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FIG. 1. Sketch of the radial potential (solid black line) and the
parabolic potential (solid red line). The radial potential describes
a ring of average radius r0 = 1350 nm, while the parabolic potential
is defined by ~ω0 = 2.23 meV.
minimal subbands. For α = 1, we recover the result obtained
by Tan e Inkson, which correspond to the number of quantum
flux threading a ring with an effective radius r0.
If the magnetic field is null, the subbands are symmetric
with respect to m = 0. The states with m 6= 0 are doubly
degenerate. The double degeneration is due to the rotational
symmetry present in the ring. The symmetry with respect to
states in subband different is broken due to the potential of
the antidot. The energy separation between neighboring sub-
bands is given by ~ω0, and does not depend on the value of the
parameter α. If the magnetic field is different from zero, the
energy separation between neighboring is ~ω. Independently
of the presence or not of an applied, the curvature has the role
of increasing the energy of the states. This makes the number
states decrease in the energy interval. For the physical phe-
nomena that we will deal in the next sections, the number of
electrons in the system is fixed. Thus, we will note a larger
number of occupied subbands for cases where α < 1. In Fig.
(2), we show the behavior of the energy states with respect to
the magnetic field for some values of the α parameter.
IV. MAGNETIZATION
The magnetization is given by
M = −∂F
∂B
= −
∑
n,m
Mn,mfF (En,m), (19)
where F is free energy, Mn,m ≡ −∂En,m/∂B defines the
magnetic moment, and fF (En,m) is the Fermi distribution
function. By using Eq. (15), the magnetic moment is writ-
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FIG. 2. The energy levels of a quantum ring as a function of the
magnetic field for different curvature values.
ten explicitly as
Mn,m = − ~e
µα2
[(
n+
1
2
+
L
2
)
ωc
ω
− m− l
2
]
. (20)
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FIG. 3. The zero temperature Fermi energy as a function of magnetic
field.
In an isolated 2D ring, the number of electrons is constant,
which induces a strong dependency of the Fermi energy with
respect to the magnetic field. In the Fig. 3, we display the
behavior of the Fermi energy as a function of magnetic field
strength. The oscillations result from the depopulation of a
subband n. As already mentioned above, the α parameter in-
crease the energy of the states, so an increase in the Fermi
energy occurs. In addition, there is an evident increase in the
number of occupied subbands.
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FIG. 4. The magnetization of the quantum ring as a function of mag-
netic field strength.
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FIG. 5. The magnetization of the quantum ring in the weak magnetic
fields regime.
In Fig. 4, we show the behavior of the magnetization as
a function of magnetic field. It is possible to see types AB
and dHvA oscillations, with or without the presence of curva-
ture. The AB type oscillations result from the states crossing,
whereas the dHvA type oscillations result from the depopula-
tion of subbands. In the weak magnetic fields regime (Fig. 5),
AB type oscillations are superimposed on dHvA type oscilla-
tions. For the α parameters considered, the periodic oscilla-
tions are maintain. In addition, we observe an increase in the
amplitude of oscillations. By increasing the magnetic field,
the dHvA type oscillations are more evident, whereas we see
a decreasing of AB type oscillations amplitudes. Also, we ob-
serve both a larger number of dHvA type oscillations, because
of the increase of occupied subbands, and increase dHvA os-
cillations amplitudes when α < 1. Even when there is only
one occupied subband, we yet can see AB type oscillations
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FIG. 6. The magnetization of the quantum ring in the strong mag-
netic fields regime.
(Fig. 6).
We now show the shape of the oscillations when the tem-
perature is non-zero in the weak magnetic field interval for
the particular case when α = 0.7. As we can see in the Fig.
7, non-zero temperatures decrease the oscillations amplitude,
and make the magnetization behavior a smooth function of the
magnetic field.
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FIG. 7. The effect of temperature on the oscillations observed in the
magnetization for the case where α = 0.7. We consider the interval
of weak magnetic fields.
V. PERSISTENT CURRENT
By considering the variation of the magnetic flux confined
to the hole of the ring, the persistent current is calculated using
the Byers-Yang relation [8]
In,m = −∂En,m
∂Φ
= − 1
φ0
∂En,m
∂l
, (21)
where En,m is then given by Eq. (15) with r0 = 0. The total
current is given by
I =
∑
n,m
In,mfF (En,m), (22)
where In,m is explicitly given by
In,m =
eω
4piα2
(
m− l
L
− ωc
ω
)
, (23)
which is the persistent current carried by a given state χn,m
of the ring.
As noted by Tan and Inkson [10], the proportionality be-
tween current and the magnetic moment observed in a one-
dimensional ring is broken in a two-dimensional ring as result
of the penetration of the magnetic field into the conducting
region of the ring. In the presence of curvature, this relation
between the current and the magnetic moment is given by
Mn,m (B) = pir
2
n,mIn,m −
e~
µα2
(
n+
1
2
)
ωc
ω
. (24)
The first term is the current in a one-dimensional ring with ra-
dius rn,m given by Eq. (17). The second term results from the
penetration of the magnetic field into the 2D structure, being
it a diamagnetic term. From this result it is possible to show
that if ωc ≪ ω0 the persistent current and the magnetization
present a similar behavior.
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FIG. 8. The persistent currents of the quantum ring as a function of
the magnetic field strength.
In the Fig. (8), we show the behavior of the persistent cur-
rent in a 2D ring as a function of the magnetic field for some
values of the α parameter. We can see AB type oscillations
60 1 2 3 4 5-30
-15
0
15
30
I (
nA
)
(a) α = 0.5
0 1 2 3 4 5-14
-7
0
7
14
(b) α = 0.7
0 1 2 3 4 5
B (10-3 Tesla)
-10
-5
0
5
10
I (
nA
)
(c) α = 0.9
0 1 2 3 4 5
B (10-3 Tesla)
-10
-5
0
5
10
(d) α = 1.0
FIG. 9. The persistent currents in the weak magnetic fields regime.
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FIG. 10. The persistent currents in the strong magnetic fields regime.
within the whole magnetic field range, regardless of the α pa-
rameter value. These oscillations amplitude are strongly sup-
pressed by increasing magnetic field strength, however, they
increase with α parameter. In the weak magnetic field regime
(Fig. (9)), these oscillations are almost periodic. As noted
above, the profile of the oscillations of the persistent current
in the weak magnetic field interval are similar to the magne-
tization. In Fig. 10, we show the behavior of the persistent
current in the strong magnetic field regime. As we can see,
the AB oscillations are almost periodic. We also note that cur-
vature only shift the maximum of the oscillations, however the
amplitude does not change.
In Fig. 11, we also show the shape of the oscillations on
persistent current when the temperature is non-zero in the
strong magnetic field regime for the case when α = 0.7. Like-
wise, as observed in the magnetization, non-zero temperatures
decrease the oscillations amplitude, and make the persistent
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FIG. 11. The effect of temperature on the oscillations observed in the
persistent current for the case when α = 0.7. We consider a range of
strong magnetic fields.
current behavior a smooth function of the magnetic field.
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FIG. 12. Persistent current as a function of electron number for α =
0.7 e α = 1.0 parameters. We considered B = 1.0× 10−4 Teslas.
Finally, in Fig. 12, we show the persistent currents as a
function of electron numbers, by considering a weak magnetic
field regime, and the α = 0.7 and α = 1.0 parameter values.
We can note that the current exhibits oscillations in module
and signal as a result of the occupation of the states that are
to the right and to the left of the minimum of the subbands.
This behavior is the result of the radial potential model used
to describe the mesoscopic ring. The occupation of a new
subband occurs whenever two new branches appear.
VI. CONCLUSIONS
In this article, we studied the electronic properties, the mag-
netization and the persistent current of a 2DEG in a quan-
tum ring in a conical metric and submitted to external mag-
netic fields. We have obtained analytically the wavefunctions
7and energy eigenvalues. It was shown that the curvature have
strong influence on the spectrum of an electron in a quantum
rings. The effects become more significant as the α parame-
ter decreases. In the numerical analysis of the magnetization,
we observed AB and dHvA type oscillations, regardless of the
α parameter. The curvature increased the amplitude of these
oscillations, and also increased the number of dHvA type os-
cillations. In the persistent currents, only AB type oscillations
are observed, with an increase these amplitude for α < 1.
It should be noted that the effect of the mean and Gaussian
curvatures are negligible, because of the own geometry of the
model. The same does not occur when geometry is a disk
(quantum dot). As observed in the ref [45], the mean cur-
vature directly influences the behavior of the oscillations of
magnetization and persistent currents.
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